ABSTRACT: This paper reports an analytical study of delamination fracture in the Crack-Lap Shear (CLS) multilayered beam configuration with taking into account the material non-linearity. A delamination crack was located arbitrary along the beam height. It was assumed that the CLS mechanical response can be described by using a power-law stress-strain relation. It should be mentioned that each layer may have different material constants in the stress-strain relation. Besides, the thickness of each layer may be different. The classical beam theory was applied in the present study. The non-linear fracture behaviour was analyzed by the J-integral. Analytical solutions of the J-integral were obtained for homogeneous as well as for multilayered CLS beams. In order to verify the solutions obtained, analyses of the strain energy release rate were developed with considering material non-linearity. Material properties and crack location effects on the non-linear fracture behaviour were investigated. The analysis revealed that the J-integral value increases when the material non-linearity is taken into account. It was found also that the J-integral value decreases with increasing the lower crack arm thickness. The approach developed here is very convenient for parametric fracture analyses. The solutions derived can be used for optimization of the CLS multilayered beams with respect to their fracture performance.
INTRODUCTION
Multilayered materials have many useful properties, such as high strength-to-weight and high stiffness-to-weight ratios which facilitate their extensive use in structural components. Also, multilayered materials are becoming more common in applications where barrier properties are an issue. The growing interest in structural applications has been followed by increasing demand to ensure their safe operations. One of the main concerns is their high susceptibility to delamination fracture. Although a delamination crack between layers usually has little or no visible signs of such from the outside, it can drastically reduce the strength, durability and stability of the layered structure. This fact clearly indicates the need of studying the delamination fracture in layered materials. For the recent decades, the delamination fracture behaviour has been extensively investigated [1] [2] [3] [4] [5] [6] [7] [8] mainly by using various beam specimens.
Linear-elastic fracture behaviour of multilayered beam specimens was studied in [9] . The analysis was carried-out in terms of the total strain energy release rate. For this purpose, a general multilayered beam model was used. The crack arms and the intact beam portion (ahead of the crack tip) were analyzed as equivalent homogeneous linear-elastic beams. The strain energy release rate associated with the crack growth was obtained in a function of the bending moments and axial forces in the cross-sections behind and ahead of the crack tip. The method developed was applied to study the delamination fracture in several multilayered beam configurations.
Delamination fracture behaviour of multilayered beams subjected to four-point bending was analyzed by using methods of linear-elastic fracture mechanics [10] . For this purpose, the classical beam theory was applied (the crack arms and the uncracked beam portion were modelled as linear-elastic beams). The general closed form analytical solution was derived for the total strain energy release rate in a function of the bending moment. The solution is valid for multilayered beam configurations with any number of layers (each layer may have different thickness and modulus of elasticity). Besides, the fracture can occur at any interface.
The total strain energy release rate in a four-layer linear-elastic beam was analyzed in [11] . A delamination crack is located between the second and the third layers. By applying the classical beam theory, an analytical expression for the strain energy release rate was derived in a function of the elasticity modulus, thickness of the layers and the crack tip cross-sectional bending moment. The effect of thickness ratio between the adjacent layers was discussed.
While many researchers have studied the delamination fracture in multilayered beams assuming validity of the Hooke's law, the purpose of present paper is to develop a fracture analysis of the CLS multilayered beam configuration with considering the material non-linearity.
NON-LINEAR FRACTURE STUDY OF THE CLS BEAM
The multilayered CLS beam under investigation is reported schematically in Fig. 1 . The number of layers is arbitrary. Besides, layers have different thickness. A perfect adhesion is assumed between layers. A vertical notch is cut in the beam mid-span in order to generate conditions for delamination cracking. There is a delamination crack of length 2a located symmetrically with respect to the beam mid-span. The 3 perfect adhesion is assumed between layers. A vertical notch is cut in the beam mid-span in order to generate conditions for delamination cracking. There is a delamination crack of length 2a located symmetrically with respect to the beam mid-span. The thickness of lower crack arm is 1 h . The upper crack arm is stress free. The beam has a rectangular cross-section of width, b, and height, 2h. The loading consists of two longitudinal forces, F, applied centrically at the beam free ends as shown in Fig. 1 .
The non-linear fracture behaviour of CLS configuration was studied theoretically by using the J-integral approach [12 -14] . The J-integral was written as
where Γ is a contour of integration going from the lower crack face to the upper crack face in the counter clockwise direction, 0 u is the strain energy density, α is the angle between the outwards normal vector to the contour of integration and the crack direction, thickness of lower crack arm is h 1 . The upper crack arm is stress free. The beam has a rectangular cross-section of width, b, and height, 2h. The loading consists of two longitudinal forces, F , applied centrically at the beam free ends as shown in Fig. 1 .
The non-linear fracture behaviour of CLS configuration was studied theoretically by using the J-integral approach [12] [13] [14] . The J-integral was written as
where Γ is a contour of integration going from the lower crack face to the upper crack face in the counter clockwise direction, u 0 is the strain energy density, α is the angle between the outwards normal vector to the contour of integration and the crack direction, p x and p y are the components of stress vector, u and v are the components of displacement vector with respect to the crack tip coordinate system xy, and ds is a differential element along the contour Γ. The non-linear mechanical response of CLS beam layers was described by using power-law stress-strain curves that are symmetric for tension and compression (Fig. 2) 
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The non-linear mechanical response of CLS beam layers was described by using power-law stress-strain curves that are symmetric for tension and compression ( 
INVESTIGATION OF HOMOGENEOUS CLS BEAM
An investigation was carried-out first assuming that the CLS beam is homogeneous (Fig. 3) . Therefore, the stress-strain relation was written as 
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where σ i and ε i are the stresses and strains distributions in the i-th layer of multilayered beam, H 1i and n 1i are material constants in the i-th layer, n is the layers number.
INVESTIGATION OF HOMOGENEOUS CLS BEAM
An investigation was carried-out first assuming that the CLS beam is homogeneous (Fig. 3) . Therefore, the stress-strain relation was written as
where σ and ε are the stresses and strains, H 1 and n 1 are material constants.
Only half of the beam was considered in the fracture analysis due to the symmetry. The J-integral was solved by using an integration contour, Γ, that consists of the beam cross-sections behind and ahead of the crack tip (Fig. 3) . It is obvious that the J-integral value is other non-zero only in segments A and B of the integration contour (Fig. 3) . Therefore, the J-integral solution was obtained by summation
where J A and J B are the J-integral values in the integration contour segments A and B, respectively. The segment, A, coincides with the lower crack arm cross-section (Fig. 3) . The lower crack arm is loaded non-centrically by a tensile force, F . Thus, the axial load, N , and the bending moment, M , in the lower crack arm were written as
where σ and ε are the stresses and strains, 1 H and 1 n are material constants. Only half of the beam was considered in the fracture analysis due to the symmetry. The J-integral was solved by using an integration contour, Γ, that consists of the beam cross-sections behind and ahead of the crack tip (Fig. 3) . It is obvious that the J-integral value is other non-zero only in segments A and B of the integration contour (Fig. 3) . Therefore, the J-integral solution was obtained by summation: (4) and B, respectively.
The segment, A, coincides with the lower crack arm cross-section (Fig. 3) . The lower crack arm is loaded non-centrically by a tensile force, F. Thus, the axial load, N, and the bending moment, M, in the lower crack arm were written as 
The components of J-integral in the lower crack arm were written as
According to the Bernoulli's hypothesis for plane sections, the strain, ε, in eq. (7) is distributed linearly along the cross-section height. Thus,
where κ 1 is the lower crack arm curvature, z 1n 1 is the coordinate of the neutral axis (the neutral axis, n 1 − n 1 , shifts from the centroid, since N = 0 (Fig. 4) ). It should be noted that the Bernoulli's hypothesis for plane sections has been widely applied when analyzing delamination fracture in multilayered beams [10, 11] . Besides, the Bernoulli's hypothesis is used since beams of large span to height ratio loaded in eccentric tension are under consideration in the present paper. According to the Bernoulli's hypothesis for plane sections, the strain, ε, in eq. (7) is distributed linearly along the cross-section height. Thus, (Fig. 4) ). It should be noted that the Bernoulli's hypothesis for plane sections has been widely applied when analyzing delamination fracture in multilayered beams [10, 11] . Besides, the Bernoulli's hypothesis is used since beams of large span to height ratio loaded in eccentric tension are under consideration in the present paper. We considered the elementary forces equilibrium in the cross-section in order to determine κ 1 and z 1n 1
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By substituting of (3) and (9) in (10) and (11) and solving the integrals, we obtained
From (12) and (13), we obtained
where N and M are determined by (5) and (6), respectively.
It is obvious that at n 1 = 1 and H 1 = E (here E is the modulus of elasticity) equation (3) transforms into the Hooke's law. This means that at n 1 = 1 and H 1 = E, equations (14) and (15) have to transform in the equations of curvature and coordinate of neutral axis of a linear-elastic beam. Indeed, at n 1 = 1 and H 1 = E from (14) and (15), we obtained
which are the curvature of lower crack arm and the coordinate of neutral axis at linear-elastic behaviour of the beam.
Equation (15) should be solved with respect to z 1n 1 by using the MatLab program system at n 1 = 1. The result obtained should be substituted in (14) in order to determine the curvature.
For the other components of J-integral in the lower crack arm cross-section ( Fig. 3  and Fig. 4) , we have ds = dz 1 and cos α = −1.
The following formula from mechanics of materials was used to obtain the partial derivative that participates in (1):
In view of (9), formula (18) was written as
where κ 1 and z 1n 1 are determined from (14) and (15) . The strain energy density, u 0 , is equal to the area OPQ enclosed by the stressstrain curve [15] [16] [17] [18] (refer to Fig. 5 )
By solving the integral (20), we obtained
In view of (9), formula (21) was written as
We substituted (7), (8), (9) , (19) and (22) in (1) . The solution of (1) was found as
The segment, B, of integration contour coincides with the cross-section of uncracked beam portion ahead of the crack tip (Fig. 3) . The components of J-integral in segment B of the integration contour (Fig. 3) were written as ds = −dz 3 and cos α = 1, where z 3 varies in the interval [−h; h]. The un-cracked beam portion of CLS is loaded in centric tension (Fig. 3) . Therefore, the other components of J-integral in segment B were determined as
By combining of (3) and (24), the partial derivative was obtained as
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The strain energy density, u 0 , was found by substituting of (25) in (21)
The J-integral solution in segment B of the integration contour (Fig. 3) was found by substituting of (24), (25) and (26) in (1) (27) J B = 2h
Finally, (23) and (27) were substituted in (4) and the expression derived was doubled in view of the symmetry
It should be noted that at n 1 = 1, H 1 = E and h 1 = h equation (28) transforms in
which coincides with the formula for strain energy release rate when the crack is located in the mid-plane of homogeneous linear-elastic CLS beam [19] . In order to verify the non-linear solution (28), an analysis was developed of the strain energy release rate, G, in the CLS beam configuration with taking into account the non-linear material behaviour. For this purpose, an elementary increase of the crack area, dA a , was assumed leading to the following expression of strain energy release rate:
where dW ext and dU are the changes of external work and strain energy, respectively. The change of external work was written as
where dU * is the change of complimentary strain energy. By substitution of (31) in (30), we derived
Here, da is an elementary crack length increase. In order to determine the complimentary strain energy, U * , the complimentary strain energy density, u * 0 , was integrated in the beam volume
The complimentary strain energy density, u * 0 , is equal to area OQR that supplements area OPQ to a rectangle (Fig. 5) . Therefore, the complimentary strain energy density was written as
By substitution of (3) and (21) in (35), we obtained
It should be specified that the strain, ε, in (36) is calculated by (9) in the lower crack arm. In the un-cracked beam portion, the strain, ε, that participates in (36) is obtained by (25).
After substitution of (9), (25) and (36) in (34), we derived It should be specified that the strain, ε, in (36) is calculated by (9) in the lower crack arm. In the un-cracked beam portion, the strain, ε, that participates in (36) is obtained by (25).
After substitution of (9), (25) and (36) in (34), we derived
The expression obtained by combining of (32), (33) and (37) was doubled, since there are two symmetric cracks (Fig. 3) : 
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The expression obtained by combining of (32), (33) and (37) was doubled, since there are two symmetric cracks (Fig. 3) (38) G = 2H 1 n 1 κ
The fact that (38) is exact match of (28) verifies the J-integral non-linear solution (28).
INVESTIGATION OF MULTILAYERED CLS BEAM
The J-integral solution in segment A of the multilayered CLS beam (Fig. 1) was found in the following way. The equations for equilibrium of lower crack arm crosssection were written as
where n L is the layers number in the lower crack arm (Fig. 6) . The coordinates z 1i and z 1i+1 are defined in Fig. 6 . By substituting of (2) and (9) in (39) and in (40), we obtained
where N and M are determined by (5) and (6), respectively. It should be mentioned that at n L = 1 equations (41) and (42) transform in (12) and (13), respectively.
Equations (41) and (42) should be solved with respect to z 1n 1 and κ 1 by using the MatLab computer program. (12) and (13), respectively.
Equations (41) and (42) Formula (22) for the strain energy density was rewritten as
The component of the J-integral were found as (44) p xi = −σ i = −H 1i ε n 1i , p yi = 0 , ds = dz 1 and cos α = −1.
The J-integral in segment A of the multilayered CLS beam was written as
After substitution of (9), (19) , (43) and (44) in (45), we derived
It should be specified that the un-cracked beam portion, x > 0, is loaded in excentric tension, since the beam is multilayered with arbitrary arranged layers. Therefore, the curvature and the neutral axis coordinate in the un-cracked beam portion that are needed in order to find the J-integral solution in segment B of the integration contour (Fig. 1) were determined from the equilibrium equations (41) and (42). (Fig. 7) . The thickness of each layer was 001 . 0  l t m. In order to evaluate the effect of crack location on the non-linear fracture behaviour, two beam configurations were considered (with a crack located between layers 2 and 3 ( Fig. 7a) and with a crack between layers 1 and 2 (Fig. 7b) ). The J-integral values generated by these calculations were presented in non-dimensional form by using the formula that the J-integral value decreases with increasing H 12 /H 11 ratio. This finding was explained with the increase of CLS beam stiffness. Also, the curves in Fig. 8 indicate that the J-integral value decreases with changing the crack location from this shown in Fig. 7a to that in Fig. 7b (this finding was attributed to increase of the lower crack arm thickness and to decrease of the bending moment in the lower crack arm).
The variation of J-integral value in the beam configuration shown in Fig. 7a as a function of H 13 /H 11 ratio, assuming that H 12 /H 11 = 1.2, is illustrated in Fig. 9 . One can observe that the increase of H 13 /H 11 ratio leads to decrease of the J-integral value. Finally, the influence of non-linear material behaviour on the fracture was analyzed. For this purpose, the J-integral value was calculated assuming linear-elastic material behaviour (the linear-elastic solution was derived by substitution of n 1i = 1 in equation (51)) and was plotted in non-dimensional form against H 13 /H 11 ratio in Fig. 9 for comparison with the non-linear solution. The curves in Fig. 9 indicate that the material non-linearity leads to increase of the J-integral value. Therefore, the material non-linearity has to be taken into account in fracture behaviour based safety design of multilayered beams.
ues of material constants in the stress-strain relation. The delamination crack was located arbitrary along the beam height. Fracture in the homogeneous CLS beam was studied too. The fracture behaviour was investigated by using the J-integral approach. In order to verify the J-integral non-linear solutions derived, analyses of the strain energy release rate were developed with considering the material non-linearity. The influence of materials properties and crack location on the fracture was evaluated. The analysis revealed that the J-integral value decreases with increasing the lower crack arm thickness. It was found also that the material non-linearity leads to increase of the J-integral value (this finding indicates that the material non-linearity has to be considered in fracture behaviour based safety design of multilayered structures). The solutions obtained are very useful for parametric studies, since the simple formulae derived capture the essential of non-linear fracture in the CLS multilayered beam. The results can be used to optimize the multilayered beams with respect to their fracture performance. The present study contributes for the understanding of fracture in multilayered beams with non-linear material behaviour.
